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SUMMARY

Clinical trials often involve a variety of clinical and laboratory measures that are used as endpoints and
sometimes two of these measures are combined in one endpoint. When the individual components of such
a combined endpoint are ‘time to event’ measurements, the analysis is straightforward if each of the
components is measured frequently and regularly over time. However, the analysis of the combined
endpoint is more difficult when one component of the endpoint is right censored and the other is interval
censored. This paper describes a statistic, based on a rank ordering of events for such a combined measure.
The power of the test statistic is explored.

INTRODUCTION

It is important to develop sensitive statistical tests of treatment effects in clinical trials. Kaplan
Meier life tables used to analyse time to an endpoint event and the regression method of Cox?
are examples of statistical procedures that use all available information. These ‘time to event’
procedures have increased the sensitivity of endpoint analysis, affording additional power to
clinical trials in the detection of treatment differences. Combined endpoints are being used in
clinical trials with increasing frequency.>* The major advantage conferred by these more
complex endpoints is that, while the infrequent occurrence of a single endpoint can leave the trial
underpowered, a combination of endpoints may occur frequently enough to confer the required
additional statistical power. Time to event measures may be used straightforwardly in the
analysis of combined endpoints when their components are measured frequently and regularly
over time.

However, different censoring characteristics for each of the individual components poses
a problem for analysis not specifically addressed in the statistical literature. Although such an
endpoint may be computed easily by counting the total number of events in each group and
testing the null hypothesis of no treatment effect by performing a binomial test of proportions,
this crude analysis does not take into account the time of each endpoint occurrence. In addition, if
any of the individual components of the combined endpoint are dependent on patient co-
operation, the statistical power is related to patient compliance.

This paper describes a statistical analysis for a combined endpoint whose individual compon-
ents have different censoring mechanisms. Our approach requires a rank ordering of the times to
event for all trial participants who experience the endpoint and is based on a U statistic. The work
was motivated by an ongoing clinical trial evaluating the effect of angiotensin converting enzyme

0277-6715/92/131705-13%$11.50 Received July 1991
© 1992 by John Wiley & Sons, Ltd. Revised December 1991



1706 L. A. MOYE. B. R. DAVIS AND C. M. HAWKINS

(ACE) inhibition on postinfarction ventricular dilatation and death. The statistical power of our
new test statistic is explored within the context of this trial.

METHODOLOGY

The procedure described here allows the frequency of endpoint events to be compared across the
two therapy groups while taking into account the time until these events. We first introduce some
notation to describe the calculation of this statistic.

Consider a clinical trial in which n patients are randomized to each of two therapy groups
(control and treatment). The clinical hypothesis has two components. The first is that the
treatment improves total mortality. The second is that for those patients who survive, the
treatment will prevent a large deterioration in a quantitative endpoint measure M. An example of
a quantitative endpoint measure might be the patient’s blood pressure. When randomized,
patients have a first measurement of the quantitative endpoint (M, ). Patients who die during the
course of the trial may have no additional measurements of the quantitative endpoint. Those
patients who survive may return at the trial’s conclusion for a last measurement of the quantitat-
ive endpoint (M ). These patients are considered to have experienced the quantitative component
of the combined endpoint when they have met the threshold AM = M, — M, > ¢, where ¢ is
specified before the beginning of the trial. Some patients may survive the trial but not return for
the last measurement M, .

In summary, patients may experience one of four mutually exclusive occurrences related to the
combined endpoint of death or survival and a deterioration in the quantitative endpoint M.
These occurrences are:

death during the trial;

survival, but exceeding the threshold (that is, AM = ¢);
survival and not exceeding the threshold (AM < ¢);
survival, but not having M; measured.

B

Let X and Y index the control group and treatment group experiences, respectively. We assume
complete survival status information. The possible experiences of the ith control group patient
may be described using the following notation:

1. 4, = 1 if the patient is dead and T(X,, J, = 1) = T(X;) time until death of this patient.

2. 9; = 2 if the patient survives and AM > ¢ and T(X;, d; = 2) = T(X;") = time until M is
measured.

3. 6; = 3 if the patient survives and AM < ¢, and T(X;, é; = 3) = T(X}) = time until M, is
measured.

4. 6; =4 if the patient survives but does not have M; measured and T(X;,d;,=4)=

T(X;") = time the patient spends in the trial.

Analogously, the jth patient in the treatment group has trial occurrences denoted as ¢; and
a corresponding time to this occurrence denoted by T(Y), T(Y;"), T(Y}), or T(Y; ), respectively.

We use a test statistic that compares each of the n patients in the control group with each of the
n patients in the treatment group and scores the results of these comparisons. The assigned score
when comparing control patient i with experimental treatment patient j uses both the occurrence
of the event and the time to occurrence of these events and is denoted as ¢;;. In this situation,
Table I describes the appropriate scoring function. These scores are accumulated over all n?
comparisons.
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Table 1. Comparisons of SAVE endpoints across therapy groups

Score assigned
to ¢;; Condition Comparison

1 Si=1 T(X;) < T(Y))
T(X;) < T(Y})
T(X,) < T(Y})
TX;) < T(Y;)

T(X!)2T(Y)
T(XF) = T(Y;)
T(X;”) =2 T(Y;)

a Si=2¢="3 T(X;) < T(Y?)
—a Si=3¢=2 T(X?) = T(Y])
0 otherwise

The function used to score the comparison of the ith control group patient’s experience to the
experience of the jth patient in the treatment group (j = 1,. .., n) is based on a hierarchy of the
four possible trial experiences. If the result of the comparison favours the treatment group, ¢,; is
positive. If the result favours the control group, ¢;; is negative. For example, if the ith control
group patient has died during the follow-up period of the trial and the jth treatment group patient
has survived (regardless of the status of M), then ¢;; is positive (¢;; = 1). If the jth treatment
group patient died during the course of the trial and the ith control group patient survived (again,
regardless of the status of M, ), then ¢;; is negative (¢;; = — 1). This scoring system allows a death
to take precedence over survival. If both the ith control group patient and the jth treatment group
patient die, than the value of the score depends on the time to death of each of these patients. If the
death occurred earlier in the follow-up experience for the control group patient, then ¢;; = 1. If
the earlier death was for a treatment group patient, ¢,; = — 1. Thus, in the circumstance
where a death has occurred, the non-zero score only applies if the time of death of one patient is
prior to the time of censorship of the other. This scoring function is that used in the Gehan
statistic.”

The scoring function is expanded to include comparisons among patients who survived the
trial. These additional comparisons are dependent on the occurrence of the quantitative endpoint
measure, AM. At the trial’s conclusion, if the ith control group patient survived and experienced
AM > c and the jth treatment group patient survived and had AM < ¢, then ¢;; = a, wherea > 0,
reflecting the fact that the comparison in favour of the treatment. Analogously, if the jth treatment
group patient experienced AM = ¢ and the ith control group patient survived and AM < ¢, then
¢;; = — a. Only comparisons involving deaths or those when the pair of patients in the control
and treatment groups survive and have M, measured can lead to non-zero sources. All other
comparisons result in zero scores. The proposed test statistic is

1 n n
"Ve nz ,-=Zl jZ':I d)u'
W, is a U-statistic, and, suitably standardized, has an asymptotic normal distribution. The null
hypothesis Hg is that there is no treatment effect on either the mortal or the morbid component of
the endpoint. The alternative hypothesis H, is that the treatment has an impact on either the
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mortality or on the morbidity component of the endpoint or both. Under the null hypothesis, the
expected value of W,, E[ W.[H,] = 0 so that

W
< ~ N{0, 1).
JwartwiHey ~ MO

This two-sided test statistic with significance level « is therefore

|/ S 7
Jvar(y > o

We find the asymptotic power for this two-tailed test statistic at the « level from Meinert® as
= P[We = Zl —2:2 V’l“’(var[WeIHO]” Hl true]

| _ o Zi-nz/varl Wi Ho)) — ELW.IH,]
‘ Vvar[W.[H,])

where Z, _,, is the 1 — /2 percentile value of the standard normal distribution and @.(z) is the
cumulative distribution function of the standard normal distribution evaluated at the point z. The
task is to identify the moments of W, under both the null and alternative hypotheses in such a way
that the power of the test statistic can be identified and described in terms of the parameters of the
trial’s design. Proposals will be made for the probability distributions of T(X), T(X;"), T(X¥),
and T(X,> )and the corresponding times to events in the treatment group. These distributions can
then be used to calculate the required probabilities.

The construction of ¢;; from experimental data follows from Table I. The variance of the
U statistic may be computed as follows. Let N = 2n. Then N'2W, is asymptotically normal.
Under the null hypothesis E[N/2W,] = 0. Using this condition, we may estimate the variance of
NY2W, as

Reject Hy if

i

H

where

1 n n
2 _ N T
1= nl(n -1 Z Z d"ld)l}

i=1j=1.j#J

1 n n
22 _ b
Uz—nz(n_l)i:Z Z Gijdij-

1ai#i j=1

EXAMPLE: THE SAVE CLINICAL TRIAL

Ventricular enlargement is a major cause of mortality after myocardial infarction, an observation
suggesting that measures used to prevent ventricular enlargement may improve the survival of
a patient who has sustained a heart attack. The Survival and Ventricular Enlargement (SAVE)
trial is a randomized, double-blind. placebo-controlled clinical trial with the purpose of evaluat-
ing the effect of angiotensin converting enzyme (ACE) inhibition on postinfarction ventricular
dilatation and death. Between 1987 and 1990 this multicentre trial entered 2231 patients who
sustained a myocardial infarction within 16 days prior to randomization, were between 21 and 79
years of age, and had an ejection fraction (EF) determined by radionuclide ventriculogram of less
than or equal to 40 per cent. Patients were randomized to either ACE inhibitor therapy or
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placebo. The study ended in January 1992, with an average treatment and follow-up period of 3-5
years.’

The primary endpoint of SAVE is the occurrence of either death or a greater than or equal to
9 unit reduction in ejection fraction. Each patient has a radionuclide ventriculogram during their
initial examination (baseline EF). Survivors have another determination at the study’s end
(terminal EF). The critical magnitude of the change in EF (9 unit or greater reduction) was
determined from a review of data describing EF variability.® Thus two types of occurrence lead to
a primary endpoint event, either patient death during the course of the trial, or for a patient who
survives the trial, a reduction of AEF > 9. Note that the observation of a AEF > 9 is an interval
censored measurement since the patient may have experienced the deterioration in ejection
fraction at any time after randomization but before the terminal EF measurement. Although
patients are required to return at the end of the trial for a terminal EF measurement, some
patients will not comply. The absence of terminal EF’s for some patients can be expected to affect
the power of the trial.

The properties of the test statistic for the analysis of the combined endpoint to SAVE should be
casily understood as functions of the design parameters of the trial. Examples of these parameters
are the control group mortality and the anticipated per cent of control deaths prevented in
patients on ACE inhibitor therapy, the per cent of patients in the control group expected to
experience a reduction AEF > 9 and the anticipated per cent of EF events prevented in patients
on ACE inhibitor therapy in the treatment group.

Modelling the time to death

The hazard function for the time of death is assumed to be constant, resulting in a exponential
probability density function for the times until death T(X ;) and T(Y}), with hazard rate 4, for the
control group, and 1, that for the treatment group.

Modelling the time to terminal EF determination

There are four random vanables which must be considered in mathematically defining the
probability of the event that a follow-up EF is measured and demonstrates a deterioration by
nine or more units. Define them as

Q = time until the patient’s EF has fallen by nine or more units given the patient survives the trial

W = time until the patient’s terminal EF has been measured given the patient survives the trial

R = time until the patient’s terminal EF has been measured and that AEF = 9 given the patient
survives the trial

S = time until the patient’s terminal EF has been measured and that AEF < 9 given the patient
survives the trial.

The actual value of Q can be known only by continuously measuring the patient’s ejection
fraction, and such data are not available in the trial. We assume @ follows an exponential
distribution with parameter «, for the control group, and parameter «, for the treatment group.
The terminal EF’s are scheduled during the last months of the trial without regard to clinical status
or treatment group assignment. Let 7 be the time at which terminal EF’s can first begin to be
measured, for example, T, equal two years post-randomization. We assume the time until the EF
is obtained is uniformly distributed from time T, to time T, the end of the study with probability f.
With probability 1 — f no terminal EF is obtained and the RVG information is considered
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missing on these patients. Then W will have the following mixture density

Sww) = TfTI It,cwer 1 —fHaorr
where I denotes the indicator function.

We now identify the probability density functions of T(X,), T(X/"), T(X¥), and T(X;).
Beginning with the first of these, note that T(X) is the time to death for a patient in the control
group, a time which has been postulated to follow an exponential distribution with parameter 4,.
Then the probability density function of x = T(X) is given by

flx) = Ae™#1=,

To identify the distribution of the random variable T(X ;") we note first that the distribution of
T(X/). the time at which the terminal follow-up EF is obtained and AEF > 9 given the patient
has survived the trial is the probability density of R multiplied by the probability of surviving the
trial, that is,

le\ = fR(r)e T T'

Ris equal to W whenever 0 < Q < W < T, where Q is the time the patient’s ejection fraction has
deteriorated by at least nine units and W is the time the terminal EF is measured. We may write
the density of W when 0 < Q < W< T as

/ R,
ijT—Tl ]T]SWST O:Xle " du.

Therefore, the density of R may therefore be written as

/R(’) = T%TT(] —e N 1T1 <re T

Note that this density is conditional on the patient surviving until the trial’s end. The density of
T(X;")is the joint density of the random variable R (time until the terminal EF given the patient
has survived until the end of the trial) and the event that the patient survives until the end of the
trial (required for T(X;") to occur) = fr{r)exp( — 2, T).

Analogously, let the random variable S be the time of the terminal EF when AEF < 9. Then
S = Wwhen0 < W < min(Q, T). The probability distribution of T(X¥) is then the product of the
conditional probability distribution of S {that is, conditioned on survival) multiplied by the
probability the patient survives until the end of the trial. The computations for T(X}) follow as

‘ I .
,9(5):[7_—7_1 11155\«:1]\55 x e du.

The density of S may therefore be written as

’ e 1S .
T—T T <S<T
1

fs(s) =

Note that this density is also conditional on the patient surviving until the trial’s end. The density
of T(X ¥) is the joint density of the conditional random variable S (conditioned on survival) and
the event that the patient survives until the end of the trial (required for T(X*) to oc-
cur) = fi(s) exp( — 4, T). The computation for T(X; ) proceeds analogously.
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The power of the test statistic W, is a function of the mean and variance of W, under the null
and alternative hypotheses. Appendixes 1 and 2 demonstrate the probabilities which involve the
time to the events X, X;", X}, X;~ and the time toevents Y;, Y}, Y, ¥;”. From the distributions
derived in this section the mean and variance of ¢;; may be obtained and hence the mean and
variance of W,.

In order to link this model to the actual parameters under which the SAVE clinical trial was
designed, the parameters of this model must be calibrated to those of SAVE. Let n = total
number of patients in each of the therapy groups, d = cumulative death rate in the control group,
g = the RVG endpoint event rate (AEF = 9) for survivors in the control group, e, = efficacy of
captopril in preventing mortality (0 < e, < 1), and e, = efficacy of captopril in preventing the
occurrence of the RVG endpoint in survivors (0 < ¢, < 1). In SAVE, n = 1115,d = 0-2, g = 0-09,
em = 016, and e, = 040 over the 3-5 year follow-up duration of the trial.

Power computations

We wished to examine the relationship of the power of our statistic to two of the design
parameters in SAVE. To compute the power, the variances of ¢;; must be calculated under both
the null and alternative hypotheses and are shown to be functions of joint probabilities simultan-
eously involving the times to three events. The expressions are given in Appendix II. These results,
when utilized in equation (1), allow for the power of the trial to be computed as a function of the
design parameters 4,, 4,, a;, and «,. Figure 1 examines the relationship between the power of the
W, statistic as a function of the weighting parameter a. Increasing the weight parameter increases
the power of the W, statistic. A weight of zero denotes no EF component of the endpoint, and the
power of the trial is 51 per cent. However, as the parameter g increases, the statistic incorporates
an increasing portion of information from the EF component. Since it was anticipated that the
treatment would prevent EF deterioration, adding the EF component to the statistic increases its
power.

Figure 2 demonstrates the relationship between the power of the W, statistic and the terminal
EF compliance at the end of the study. Patients return for the terminal EF according to rate f,
which is allowed to increase to 80 per cent. If the endpoint of the trial were mortality alone, the
power of the trial designed to only examine mortality would be low. Note increasing compliance
with the terminal EF is associated with increased power of the W, statistic. Thus, Figure 2
demonstrates an increase from this lower bound of 51 per cent in the power which is achieved by
explicitly modelling the quantitative, morbid component of the combined endpoint. The power of
the study increases from this lower bound as patient adherence with the terminal EF increases.

DISCUSSION

The goal of clinical trials is to measure the impact of the therapeutic intervention. To that end,
endpoints are chosen carefully, and the most sensitive statistical tools are utilized to analyse the
endpoint data from these trials. The Gehan statistic® was among the first statistical procedures
developed which allowed the incorporation of time to event in the data analysis by comparing the
survival times of each patient across therapy groups and ranking these times. Since the develop-
ment of the Gehan statistic, alternative powerful statistical tools of greater power have been
discovered, for example, the logrank statistic. More recently, combined endpoints have also
become useful tools to clinical trial designers. Careful choice of the individual components of the
combined endpoints allows the development of a well focused clinical trial that requires a smaller
number of patients to satisfactorily address the main hypothesis.
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Figure 2. Power of the W, statistic in SAVE as a function of terminal RVG-EF compliance

The inclusion of the EF determination in the combined endpoint led to an increase in the
power of the SAVE trial. However, EF’s measured by radionuclide ventriculograms are invasive,
expensive procedures not without risk to the patient. They cannot be obtained on a regularly
scheduled basis and thus the precise timing of when the patient’s ejection fraction has changed is
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not available. The exact time to event for this quantitative component of the endpoint is not
known because after the baseline measurement, the EF is measured only once in the majority of
survivors during the course of the 3-5 years of follow-up of the trial. However, the exact date of
death is known.

It is important to determine an ordering of the possible outcomes a patient may have in such
a trial. Death was considered the most serious outcome. EF information was used only for
patients surviving the trial. This ordering is different from the use of a multivariate survival
vector, where information on multiple endpoints are evaluated with no priority given based on
the nature of those events.

Using this ordering allowed us to generalize the approach of Gehan in the construction of
a statistic to incorporate the limited information available concerning the EF component of the
combined endpoint. However, a new scoring function was required for the test statistic so that
deaths and changes in EF could be combined in a clinically suitable way. This restricted the
number of possible ways to assign a score for ¢;;. However, it also allowed a general ranking of
the times until events for all participants in SAVE.

As defined, the test statistic W, treats patients who do not return for the terminal EF as missing
with respect to the EF component of the endpoint. This seems appropriate for statistics that use
ordering information. The distribution theory requires the assumption that the censoring vari-
ables have the same distribution within each treatment group, another assumption which appears
to be appropriate for a randomized clinical trial when the entry patterns are the same in the two
groups.

The probability framework required for the expected value and variance of the test statistic
distinguishes between the actual time the patient’s ejection fraction deteriorates and the time the
terminal EF is obtained. Assuming that the time when the EF is reduced by the critical amount
follows an exponential distribution allows the incorporation of cumulative rates of EF changes
anticipated by the study designers. However, the timing of the measurement of the terminal EF is
also a random variable, and in this case, follows a uniform distribution. The timing of the terminal
EF is independent of the therapy group assignment.

There has been an important focus in SAVE on measuring as many terminal EF’s as possible.
However, in a small number of patients, the terminal EF cannot be obtained. Several of these
patients with missing EF information at the end of the study have had an EF measured during the
follow-up period of the study due to the development of severe congestive heart failure. One
possible extension of the W, statistic would be to substitute the information from this determina-
tion of EF for patients who have no terminal EF. The inclusion of this EF information may
further increase the power of the W, statistic. However, important limitations surround this
proposed extension. The incorporation of this EF information into the modelling for the test
statistic is problematic since it is not obtained on all patients, and the timing of its occurrence
depends on the patient’s clinical circumstance and is different from the timing of the terminal EF
which is scheduled at the end of the trial for all surviving participants. In addition, the use of this
determination in patients who do not have a terminal EF holds the potential for bias in the study.
Patients who do not have a terminal EF may be more inclined to poorer health than those who
can return for the terminal EF. If these patients who do not return for a terminal EF also have an
earlier EF these earlier EF’s will have a different probability of demonstrating a deterioration in
EF. These important issues must be more completely analysed before any such extension of
W, can be undertaken.

A generalization of this problem is to consider a design where the EF is obtained at regularly
spaced intervals over the follow-up period of the trial on all patients. Since the EF is a continuous
measure, it is possible that it can increase as well as decrease, causing important changes in the
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AEF when measured from baseline and complicating the interpretation of the serial AEF
obtained over time. Thus, one might circumvent this difficulty by choosing as the endpoint the
time until the smallest EF occurs, but additional work is required on the consequences of this
endpoint definition.

The use of the parameter a in the construction of the scoring function allows the contribution of
a score based solely on the endpoint comparisons among survivors to be different from that based
on mortality comparisons. For the example chosen in this manuscript, a = |, assigning equal
weight to all scores generated in the construction of W,.. However, allowing the statistic to use one
wetght for the mortality component of the endpoint and another weight for the morbid compon-
ent affords the trial designer some flexibility in determining the extent of influence each of these
two components has on the behaviour of the W, statistic.

The performance of W, is evaluated readily because it is explicitly modelled under the null and
alternative hypothesis and is therefore a function of the design parameters of the trial. This
evaluation demonstrates the relationship between the power of the trial, the survival efficacy and
EF adherence. The application of this statistic to SAVE demonstrates the importance of
adherence and the minimum adherence that will result in acceptable power.

APPENDIX I: IDENTIFYING THE MEAN OF THE SCORE FUNCTION

The groundwork has been laid in terms of an event space for the endpoint cvents of interest in
SAVE. The purpose of identifying these probability density functions has been to ultimately use
the occurrence of events involving the joint outcomes of more than one patient to compute the
mean and variance of the scoring function ¢,;; and to assemble the mean value of ¢;;. The expected
value of the score function under either of the null or alternative hypotheses is identified by
computing the relevant probabilities of Table I and finding

El¢;]=P[T(X) <T(Y))]+ P[T(X)) <T(Y; )]+ P[T(X)) < T(Y})] + P[T(X;,) < T(Y])]
—PITX)>T(Y))] - P[TX" ) 2 T(Y)] - P[TIXH) > T(Y;))] - P[T(X{ ) 2 T(Y))]
+aP[T(X") < T(Y)] — aP[T(X}) = T(Y])].

A summary of how the scoring function is constructed as in Table I. An example of one of the
computations for this expectation follows.

Computation of P T(X,) < T(Y})]

This is the joint probability of the following events:
(1) the ith patient in the control group dies in [0, T];
(i) the jth patient in the active group dies in [0, T];

(ili) the time to death of the patient in the control group is less than the time to death in the
treatment group.

Let x = T(X;) and y = T(Y;). This probability becomes

Ay (1 — g~ i+anTy,

T ¥
PITX)<T(Y)] = j [j e R dx:l jae Ady =1 —e AT - =
AL+ Ay

0 0

The remaining computations for the E{¢;;] proceed analogously.
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APPENDIX II: COMPUTATION OF THE VARIANCE

It remains to examine the var(W,) under both the null and alternative hypothesis. Notice that

> b E(We)]

M=

var(W,) = E[W, — E[W.]}* = E[nl‘z

3 1 E n n 2 1 EZ
-#E(L X ¢.-,-) — = E’[y]

Since E[¢;;] has been identified in Appendix I we may concentrate here on the evaluation of the
double sum. It has been demonstrated by Gehan?® that

n n 2 n n n n
<Z > ¢ii> =3 2 i+ ; -=1Z¢ Pidiy

i=1j=1 i=1j=1
n n n n
+ ) Z Sutbis+ L Y budiy
i=1,i#i j=1 i=1,i#i j=1j#J'
and we now work to identify the expectation of each of these four double sums. The expectation of
the first term on the right is

M=

E[ ] ¢,.2,.]=n25[¢,.2,.
i=1j=1

4 J

I

as there are n? terms all with the same expectation. The last term is seen to be

EI: Z Z ¢ij¢i’j’:| = Z Z E[d’ij]E[(pi’j’]‘
i=liisi’ j=1.j#) i=1,i#i =1, %)
Under Hy, the E[¢;;] = 0 so this last term makes no contribution to the variance of W under the
null hypothesis. However, under the alternative hypothesis each of the n?(n — 1)® terms does
make a non-zero contribution and must be constdered in the expression for the var(W,|H,).
The contribution of the cross product expressions with the terms ¢;;¢;;- and ¢;;¢;-; must now
be examined. Since the construction of W, allows an interchange of the roles of i and j, it follows
that

E,: Z Z ¢u¢u'] = E[ Z": Z ¢.yd>r;] =n*(n— E[¢;¢;;-]

i=1j=1.j#j° i=1,i#10" j=1

and writing the var{W,) as a function of the ¢;;

var[W,| Hol = - (v E[}] + 20°(n — 1 ELdy -]

var{W.[H, ] = %(HZEM?,-] +2n%(n — 1) E[$ydiz 1 + n*(n — 1) E[$5] — n* E*[y;]).

The terms involving E[¢;;] do not appear in the expression for the variance under the null
hypothesis since under this assumption they are equal to zero. In addition, since our interest lies
in asymptotic results, we may ignore terms on the order of o(n~?) or less. Thus the variance under
H, reduces to

1 2
Varl:? We|H0:|~;E[¢ij¢ij’]' (3)
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The variance expression under the alternative hypothesis does not simplify so easily since it must
contain terms involving E[ ¢;;]. Note

n?(n — 1Y E*[¢] —n*E*[¢y] = — 2n*E*[¢;;] + n*E*[¢y;].

The asymptotic result for the variance of the test statistic under the alternative hypothesis now
becomes

2
var[W,|H ] ~ ;[E[d)u(ﬁ,,] - E2[¢ij]]~ (4)

It now remains to examine the expressions involving ¢;; ¢;;. We note that the E[¢;;] is readily
found under the null hypothesis to be zero and under the alternative hypothesis by the results of
Appendix I1. However, the evaluation of the cross product term E[¢;;¢;;-] also can be identified
in a straightforward manner. Consider the different values the product ¢;;¢;;- can have, remem-
bering that i indexes only one patient in the control group, and j and j' index two different patients
in the treatment group. Such an evaluation leads to the comparisons presented in Table II. The
shaded regions in the table are combinations of events that are impossible and may therefore be
excluded from consideration in the construction of ¢;;¢;;.. We see then that the E[¢;;¢;; ] can be
constructed by assembling the appropriate probabilities.
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